Supplementary Materials for “Riemannian Pursuit for Big Matrix Recovery”

Mingkui Tan, School of Computer Science, The University of Adelaide, Australia TANMINGKUI @ GMAIL.COM

Ivor W. Tsang, QCIS, University of Technology Sydney, Australia IVOR.TSANG @ GMAIL.COM

Li Wang, Department of Mathematics, University of California San Diego, USA LIW022@UCSD.EDU

Bart Vandereycken, Department of Mathematics, Princeton University, USA BARTV @PRINCETON.EDU

Sinno Jialin Pan, Institute for Infocomm Research, Singapore JSPAN@I2R.A-STAR.EDU.SG
Abstract

In this supplementary file, we first present the parameter setting for p, and then present the proof of the lemmas
and theorems appeared in the main paper.

1. Parameter Setting for p

In the main paper, we present (14) as a simple and effective method to choose p, which is motivated by the thresholding
strategy in StOMP for sparse signal recovery (Donoho et al., 2012). Specifically, let o be the singular vector of 4*(b),
where o; is arranged in descending order, we choose p such that

0-7:2770-17 vlgpa (1)
where 17 > 0.60 is usually a good choice.

However, it is not trivial to predict the number of singular values that satisfy (1) for big matrices if we do not want to
compute a full SVD. Since p in general is small, we propose to compute o; sequentially until condition (1) is violated. Let
B > 1 be a small integer. We propose to compute B singular values per iteration. Basically, if o; > no (where i > 2), we
can compute the singular values 0,1, ..., 054 by performing a rank B truncated SVD on A; = A*(b) — 22:1 0j ujv;r
using PROPACK. In practice, we suggest setting B > 2. The schematic of the Sequential Truncated SVD for Setting p
is presented in Algorithm 1. Notice that, PROPACK involves only matrix-vector product with A; and A] which can be
calculated as Udiag(o)V Tr by Udiag(a)(V r) for the low-rank term in A;. We remark that instead of Algorithm 1,
a more efficient technique may involve restarting the Krylov-based method, like PROPACK, with an increasingly larger

subspace until (1) is satisfied.

Algorithm 1 Sequential Truncated SVD for Setting p.
1: Given 7 and A*(b), initialize p = 2 and B > 1.

2: Do the rank-2 truncated SVD on A*(b), obtaining o € R?, U € R™*2 and V € R"*2,

3: If o, > no1, stop and return p = 2.

4: while 0, < 1oy do

5. Letp=p+ B.

6: Do the rank-B truncated SVD on A*(b) — Udiag(a )V, obtaining 0? € RE, Up € R™*5 and Vg € R 5,
7. LetU=[UUg|,V=[VVglando = [0 o7].

8: end while

9: Return p.
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2. Main Theoretical Results in the Paper
We first repeat the main results in the paper before we prove Lemma 1 and Theorem 1 (the other results were already
proven in the paper).

Proposition 1. In MC, suppose the observed entry set Z is sampled according to the Bernoulli model with each entry
(i,j) € E being independently drawn from a probability p. There exists a constant C > 0, for all . € (0,1), ug > 1,
n>m >3, ifp > Cujr?log(n)/(v2m), the following RIP condition holds

(L= 7)plX[[E < IP=X)[F < (1 +7)pl X[, @)

for any pp-incoherent matrix X € R™*™ of rank at most r with probability at least 1 — exp(—n logn).

Lemma 1. Let {X'} be the sequence generated by RP, then
XY < f(XTh) = FI[HL. 3)

where T; satisfies condition in (10) of the paper.

Theorem 1. Let {X'} be the sequence generated by RP and ( = min{ry,--- ,7,}. As long as f(X*) > $||e||? (where
C > 1) and if there exists an integer 1 > 0 such that y(742,p) < %, then RP decreases linearly in objective values when
t <1, namely f(X!*1) < v f(X?), where

L1 A COA=2G1ap) (1_ 1>2‘
2r\ (VO +1)2(1 = v1200)) e
Proposition 2 (Sato & Iwai (2013)). Given the retraction (8) and vector transport (20) on M. in the paper, there exists a
step size 0y, that satisfies the strong Wolfe conditions (17) and (18) of the paper.

Lemma 2. [fcy < % then the search direction ¢, generated by NRCG with Fletcher-Reeves rule and strong Wolfe step
size control satisfies

__ 1 (gradf(Xx), Cr) 201
1—co = (gradf(Xy_1),gradf(Xx—1)) = 1—c2

Theorem 2. Let {X},} be the sequence generated by NRCG with the strong Wolfe line search, where 0 < ¢ < ca < 1/2,
we have limy_, o inf grad f (Xy) = 0.

“)

3. Proof of Lemma 1 in the Paper

The step size 7; is determined such that
F(Bx(~mH'™) < f(X'71) = Z.(H' HY,
Since (H{™!, H5™!) = 0, it follows that

FX)

IN

_ Tt — Tt _
FRTY) = SIET - TS

A

_ Tt —
X! = ZIHE,

where the equality holds when H’ifl = 0, which happens if we solve the master problem exactly.

4. Proof of Theorem 1 in the Paper
4.1. Key Lemmas

To complete the proof of Theorem 1, we first recall a property of the orthogonal projection Pry q,.(Z).

Lemma 3. Given the orthogonal projection Pry pm,(Z) = PyZPy + PEZPy + PyZPgE, we have rank(Pry p, (Z)) <
2 min(rank(Z), rank(Py)) for any X. In addition, we have || Pry pm,.(Z)||r < ||Z||F for any Z € R™*™.
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Proof. According to (Shalit et al., 2012), the three terms in Py a4, (Z) are orthogonal to each other. Since rank(Py) =
rank( Py ), we have

rank(Prya, (Z)) = rank(ZPy + PyZPyF)
min(rank(Z), rank(Py )) + min(rank(Z), rank(Py))
2 min(rank(Z), rank(Py)).

IN

The relation || Pry s, (Z) || < ||Z||r follows immediately form the fact that Pry a4, is an orthogonal projection for the
Frobenius norm. O

4.2. Notation
We first introduce some notation.
First, let X and e be the ground-truth low-rank matrix and additive noise, respectively. Moreover, let { X'} be the sequence
generated by RP, ¢ = A(X*) — b and G = A*(&"). In RP, we solve the fixed-rank subproblem approximately by the
NRCG method. Recall the definition of the orthogonal projection onto the tangent space of X = USV T

Prym, (Z) := Pry (Z) = PyZPy + P+ ZPy + PyZP;is = PyZ + ZPy — PyZPy,
where Py = UUT and Py, = V'V, In addition, denote the projection Pz;_as the complement of Pry as

Pt = (I— Py)Z(I— Py).

Now recalling
E; = PTxtMtp (Gt) = PTxtMtp (A*(Et))>

we have
(X', A%(€) = (X' ). 5)

At the tth iteration, rank(X!) = tp, thus X! — X is at most of rank (7 + tp) where 7 = rank(X). By the orthogonal
projection Pr, , we decompose X into two mutually orthogonal matrices

X =X, + XQ“ where X¢, = Pry, (X) and XQt = ”PTth (X). (6)
Based on the above decomposition, it follows that
(Xt~ Xe¢,,Xg,) =0.
Without loss of generality, we assume that 7 > +{¢p.  According to Lemma 3, we have rank()/ict) <

2 min(rank(X), rank(Py)) = 2tp and rank()A(Qt) < 7. Moreover, since the column and row space of X! is contained
in X¢, = Pr,, (X), we have rank(X" — Pry (X)) < 2tp.

Note that, at the (¢ + 1)th iteration of RP, we increase the rank of X! by p by performing a line search using
H'=H{ +H)  where H] = Pr,, (G') and H} = U,diag(c,)V,; € Ran Pz ,.
For convenience in description, we define an internal variable Ztl € RmXn gq;
Z" =X' -G, (M
where T, is the step size used in (10) in the paper. Based on the decomposition of H, we decompose Z**! into

2T =Ty + 2 2 ®)
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where
Zi =P, (2" = X' — 7P, (GY),
t+1 _ 1y t
ZQ = PTiQt (Z ) = TtPT’A(Qt (G ), (9)

2y = (I =Py = Pry, )2

Observe that from (6), we have )A(ztht — (X')TX, = 0. Hence,
RanPr,, L Ran PTS‘Qt L Ran(I —Pr,, — PTXQ,, ), (10)

which implies that the three matrices from above are mutually orthogonal. Similarly, G¢ is decomposed into three mutually
orthogonal parts

G' =G|+ G+ G}, where G| =Pr,,(G"), Gf, = PT)A(Q (G"),and G = (I — Pr,, — PchQt )(GH. (D

t

4.3. Proof of Theorem 1

The proof of Theorem 1 involves three bounds for f(X*) in terms of XQ . ZS‘1 and ||HS ||, respectively. For convenience,
we first list these bounds in order to complete the proof of Theorem 1, and we will leave the detailed proof of the three
bounds in Section 4.4.

First, the following Lemma gives the bound of f(X?) in terms of )A(Qt.

Lemma 4. At the t-th iteration, if Y(712:,) < 1/2, then

1 C—2y5420))?

X > - Xo. 2.
f( )_2(\@+1)2(1*’Y(¢-+2t/)))” Q%

The following lemma bounds f(X") w.r.t. Z¢ .
Lemma 5. Suppose ||E¢||p is sufficiently small with By = Pr,_, (G'). For Yoty < 1/2 and C > 1, we have

2072 (1 — 2v(7yatp))? ( 1 )2
Zi+1 12 . 1-—= X0,
125" % = <(\@+ 1)2(1 = yr2tp) Ve o

By combining Lemma 4 and 5 from above, we shall show the following bound for f(X*) w.r.t. H5.

Lemma 6. If y7421p) < % at the t-th iteration, we have

tn2 - P C(1 = 2vrr2ep)? IR IRy t
[Hal|7 > ?<(\@+ ER _wﬂm)))(l \E) J(XT).

Proof of Theorem 1. By combining Lemma 1 and Lemma 6, we have

-
JXTY < XY - g
C(1 = 2y(r21p))? 1)’
< (-2 ( Vr+2tp)) (1 — ) f(Xh).
27 \ (VO +1)2(1 = yratp)) e

The variable 7; is a step size obtained by the line search. There should exist a ¢ and ¢ = min{ry,--- ,7,} such that the
. 2

above relation holds for each ¢ < ¢, where (742, < 1/2. Note that % is decreasing W.r.t. (7y2¢p) in (0,1/2).
F2tp

In addition, since y(742¢p) < Y(7+2.p) holds for all ¢ < ¢, the following relation holds if v(749,,) < 1/2and t < ¢,

i1 S Cc(1- 27(?+2Lp))2 L 2 .
= (l 2?<W+1>2<1—7@+2L,,>>> (1-7e) )

This completes the proof of Theorem 1. O
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4.4. Detailed Proof of the Three Bounds
4.4.1. KEY LEMMAS

To proceed, we need to recall a property of the constant ~,. in RIP.

Lemma 7. (Lemma 3.3 in (Candes & Plan, 2010)) For all Xp, Xq € R"™*" satisfying (Xp,Xq) = 0, where
rank(Xp) < rp, rank(Xq) <1,

[(AXp), AX))| < vrptr, [XpPl P X F- (12)
In addition, for any two integers r < s, then v, < 5 (Dai & Milenkovic, 2009).

Suppose b, = A(Xg), for some X with rank(X ) = 4. Define b, = A(Xp) where X p is the optimal solution of the
following problem

min J[JAX) ~ AXQ)l[}, st rnk(X) = 7, (X, Xq) = 0. (13)

Letb, = b, — b, = A(Xp) — A(Xg), then the following relation holds.
Lemma 8. With by, by, and b, defined above, if Yax(ry,ry) T Vrp+rq < 1, then

Vrp+rg
Iyl < T —]lbg ||, and (14)

max(rp,rq

Vrp+ry
(1= =2 Y by < ] < I (15)

— Ymax(rp,rq)

Proof. Since (Xg,Xp) = 0, with Lemma 7, we have

biby| = [(A(Xp), A(Xg))l
< Vet [ XPI P Xl| P
b b
B
V1= V1=,
Trp+rq
< 1_p—||bp””bq”-
max(rp,rq)

Now we show that b;br =0.LetXp = Udiag(a)VT. Since X p is the minimizer of (13), o is also the minimizer to the
following problem:

min [b, — Do|3, (16)

where D = [A(u;v{), ..., A(u,, V;I,—p)]. The Galerkin condition for this linear least-square system states that b' (Do —

b,) = 0 for any b in the column span of D. Since b, = A(Xp) is included in the span of D, we obtain b b, = 0.

Recall now b, = b), — b,. Then it follows that [b]b,| = [b] (b, —b,)| = ||b,]|?. Accordingly, we have
Vrp+r
byl < ———————IIbyl|.
P 1- Ymax(rp,rq) a
Using the reverse triangular inequality, ||b,|| = |[bgy — by|| > | ||bgl| — ||bpl| |, we obtain
’V’r =+,
112 (1 =2 |
" 1- Ymax(rp,rq) a

By the Galerkin condition of (16), we have ||b,||> = ||b,||> + ||b,||?, we obtain

Vrptrq
(1 - “) byl < Ilbo] < [[bgll

1- VYmax(rp,rq

Finally, the condition Viax(r, 1) +7rp+r, < 11is for the positiveness of (1 Trptrg ). This completes the proof. [J

T T Ymax(rp.rq)
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4.4.2. PROOF OF LEMMA 4
Recall (6). Since b = A(X) + e, we have
t 1 t 2
X = /S IAX) =D

1 PEEN
= X - X) el

1 ~

> — ( AXE = X)) = e )
> 5 [IA( )= llel
1 -~ ~
= (JAX! - Xe,) — AXo,)|| - e)

75 (JAX' = Xe) ~ AXq)l - el
Note that (X! — )A(ct , )A(Qt> = 0, and rank(X*? — )A(Ct) < 2tp. By applying Lemma 8, where we let b, = A()A(Qt) and
b, = A(Xg,) — A(Xp) with X p specified below, it follows that

Xy > - ( min IIA(X)A(XQt)IIIIeII>

rank(x)=2tp,(X,Xq,)=0

Y
|

(1 B 17%) HA(XQJH - ||e||> (by Lemma 8)

— Tmax(2tp,7)

(1 - 1”*“) VI= %X llr - ||e||) (by RIP condition)

— Tmax(2tp,7)

V42t
) TR~ lell) (B s 2 Toastains) 2 79

1 - 7r+2tp

L= 2yG4otp) |1
—L | Xq,llr — €]l |-
(1 = YF+2tp))

Y
|

27

v
‘H
[\
\_/ N R
/;\

C

Recall that f(X") > C'f(X X £ ||e||?. By rearranging the above inequality, we have

2(\/>+ ) (1_ (r+2tp)) '

This completes the proof. O

f(XH) > (17)

4.4.3. PROOF OF LEMMA 5

First, we have the following bound of f(X') in terms of (X, , Z7) if ||Eq || is sufficiently small.

Lemma 9. Suppose that X" is an approximate solution with B, = Pr, , (G"). For y(r121p) < 1/2 and |E¢| r sufficiently
small, the following inequality holds at the t-th iteration:

1

o <XQH Zt+1> >

(1- é)f(Xt). (18)

DN | =

Proof. Recall the decomposition (11) and let £&* = A(X?) — b. Then it follows that
1 <% % *
SAR)TE = (X A (E)

. . Gt
5 <[Xc,, Xa, - [GéD (by (10))

1 s 1~
= —5(XenE) - 5(Xq,,Gg) by (1)

1,5 1 -
— —§(Xct,Et>+2—Tt<XQt,Zgrl>. (by (9)) (19)
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Therefore, we have

XY = SIAXY) - bl?
= JAXYTE - JbTe!
= XA - SbTE
= SEX) - AR +)TE (by (5)
= SELXY - SAR)TE - ¢!
= S(BLX) + 5 (Ro, 24" - 5(Roy B — o€l (by (19))

Based on the assumption f(X*) > C'f (X) = 2, where C' > 1, we then have

1 1 1 /2 1
3 leT¢| < §||e|| x || €] < 3 5f(Xt)v 2f(Xt) = —=f(X*
It follows that
L (R, 28N = [(XY 4 teTE - LB, X)) + 2 (R, B
27_ Q> - 2 2 ty 4nt 2 Cyy it
1 1 1
> (1- \ﬁ)f(Xt) — 5 (B Xy) + §<XCuEt>-

Suppose |[(Eq, Xct — Xy)| < 9f(X?) for 9 > 0, then it follows that

- XanZdh) > (1= —o)r(x) (X
1 t
> (1= DX

Suppose ¥ < \% we can simplify the formulation by absorbing ¥ into C' as

1 1
Xaq,. 24" 11— — | f(XY).
2T( Q )= ( \@>f( )

Let C = é, where C' > 1, and we complete the proof.
Proof of Lemma 5. Based on Lemma 9, we have

7\\XQf||F||Zt“IIF> <Xszt+1> (11— —=)f(X").

S

Furthermore, with Lemma 4, it follows that

1z > 4Tt2<1—1>2f(Xt)2
Koz \ Ve

2C77 (1 = 2v(r12tp)” LN
- <(\@+ 1)2(17(?+2tp))> (1 ﬁ) FE).

The proof is completed.

(20)

21

(22)

(23)
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4.4.4. PROOF OF LEMMA 6

Recall that HY is obtained by the truncated SVD of rank p on Gl = P:ﬁ-xt (G'), and r, = rank(Zgl) < 27, where
Zgl = —TtGEQ = —7tPry (é) Let H, be the truncated SVD of rank p on G, = Pr,  (G'). Since RanPr,  C
Qt Qt Qt
Ran Pj , we have
Xt
2 2
Hol[7 < || /%
IHIE < IHoll} - 112G

2
> > =4 Il . It follows from Lemma 5 that
P TiTq

b o 20 c(1- 2'7(?+2tp))2 ( _ 1)2 t
1|l = Tq ((\E—&- 1)2(1 —’Y(?+2tp))> : Ve T

Accordingly, if p < r,, we have

1
125 Il
Tt

- 2C(1 — 2y(742tp))” R
I > ((ﬁﬂﬁumgtm) <1 ﬁ) F(x).

Otherwise, if p > 74, we have |H||p > , and the following inequality holds

: ~ 2 > 2 CU=2vG13)* ) ( _ L)Q t .
In summary, since r, < 27, we have ||H5[|* > & ((\@H)Q(l—wmmp)) 1-—= f(X*). The proof is completed. [
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